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1. INTRODUCTION

concept of spin temperature does not so far
seem to have been discussed from the point of
view of Carathéodory’s principle in thermodynamics.
A brief discussion of alternative signs for the absolute
temperatures of equilibrium systems is, however, con-
tained in an attempt to extend the approach originated
by Carathéodory.! The purpose of this note is to show
explicity how a negative temperature finds a natural
place in this system of ideas. The results derived here
mthudontomzutzntoontdnedin,ordmplc
corollaries from, the approach developed in I. But they
are difficult to obtain from I without working through
the whole paper, so that the present exposition may be
of use.
Consider a spin system which is decoupled from the
lattice, and whose thermodynamic equilibrium state can

“be described by specifying the strength H of a uniform

applied magnetic field, and the temperature r=—1/T,
where T is the absolute temperature. From a statistical
mechanical analysis, the phase space may be taken to be
the (S,7) plane. Curves of constant magnetic field have
then the form shown in Fig. 1. These have been drawn
for the high-temperature approximation, when

M=—CHr, 6]
U=C(H+B)r, @
S=A-C(B+B)7)2, ©)

where 4, B, and C are constants. M is the average value
of the magnetic moment in the direction of the applied
field, and U is the mean internal energy. B is determined
bytheintuuctionmthespim.‘l‘hepmofoﬂ‘iqs.
(1) to (3) is straightforward, the main formulas having
been given by Abragam and Proctor® (see Appendix
for additional derivations).

The above example shows incidentally that the usual
definition of an ideal paramagnetic material by M
= f(H/T) is too broad, since this law can also be ob-
tained for interacting spins. The following additional
restrictions may be suitable for the ideal paramagnetic
material: (i) H=0 implies M=0, and conversely; (ii)
thehmulwlnm&ldisimiepeadent_dtew

! P. T. Landsberg, Revs. Modern Ph; 363 (1956), to be
munlAmw-wm&m: )lnu
bmm‘ﬂuu,h:. New York. e

*A. Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958).

perature. With this definition the system specified by
Eqgs. (1) to (3) is an ideal paramagnetic system only
if B=0. \

2. ANALYSIS OF THE PHASE SPACE

The thermodynamic state of any system must be
specified by at least two independent variables (I,
p. 365). One may chose T and S (as above), or T and
mthetvaﬂaﬂex,uythmmﬁc&ld.l!:ex
only one independent variable, z and T cannot
pendent. The theory of the thermodynamic equilibrium

theory of equilibrium with respect to the variable x.
For instance, the condition Ty=T} for thermal equi-
librium can then be stated by using only the variable x
(i.e., the magnetic field). From this observation one
obtains, as a special case, a remark by Abragam and
Proctor (reference 2, p. 1444), who note with respect to
systems satisfying Curie’s Law that conclusions about
the magnetic moment of the system can be derived
“without bothering about spin temperature at all.”

There is therefore little thermodynamic interest in

systems. (For example, the above assumption would be
invalidifnohwmiblendiuhticpmmwd—-
ble for spin systems.)

The set B.—Denote by 8 the set of points which has
the property that the states represented by any two
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points of 8 can be linked adiabatically, and that no
points which can be in the set are excluded (I, p. 371).
Note that points such as R are outside 8. For at infinite
absolute temperature the entropy has the value A for
all finite fields. R can be approached indefinitely, even
in a quasistatic adiabatic manner, by raising the field,
but it cannot be attained with finite fields. Thus no
point on the r=0 axis can lic in 8, excepting the point
for which S=A4.

The set F(8).—This is the set of points which consti-
tutes the “frontier” of 8 (I, p. 376), i.c., it contains all
boundary points of 8. F(8) consists of the curve H=0,
part of the axis 7=0, and we shall regard it as open in
the direction of the axis §=0, since the theory leading
to Egs. (1) to (3) ceases to apply in any case as the low
entropy values are approached. The part AR of the
r=0 axis, including the point S=A, belongs to F(g).
The assertion that a point lies in F(3) does not mean,
of course, that the point belongs to 8. Which of the
points of F(8) belong to 8 must be decided by a separate
argument. The criterion to be used is that, if a point of
F(B) belongs to 8, then the state which this point repre-
sents must be adiabatically linked with the rest of 8. If
it does not belong to 8, it is not adiabatically linked
with the rest of 8.

The set y~—One can take one further step without
deciding which points of F(8) belong to 8. Consider the
set of those points of F(8) which do in fact lie in 8, and
remove them from 8. One is then left with two discon-
nected sets, to be denoted by v, and vs, which lie re-
spectively to the left and to the right of the axis r=0.
Each set is an open set, i.e., it consists of internal points
only, because it contains no boundary points. As in I,
p-376, if a set v is referred to in the sequel, either one of
these open connected subsets of 8 is meant. Each point
of y; possesses a neighborhood, every point of which
lies also in v1, and the same holds for v..

3. EXISTENCE OF TWO SUBSETS y:
GENERALIZATIONS

The fact that the set 8 contains fwo sets y holds clearly
for all systems having a finite number of energy levels
[and is not a property of the specific model leading to
Egs. (1) to (3)] For such systems it is a fact of statis-
tical mechanics that the entropies at 7=0 and r=0 are
independent of external parameters. However, critical
values of such parameters may exist for which the
entropy jumps abruptly from one value to another, for
example, if a degeneracy is split by a magnetic field at
absolute zero. It follows that on a plot such as that of
Fig. 1, the set 8 can have only isolated points [which
lie in F(8) and therefore outside ¥] on the r=0 axis. In
an analogous plot of entropy against absolute tempera-
ture, the set § can have only isolated points on the 7'=0
axis. It follows that whenever posilive and negalive lem-

* It holds also for an infinity of levels, provided there exist both

an upper and a lower bound (o the energy. See also N. F. Ramsey,
Phys. Rev, 103, 20 (1956).
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system having a finite number of emergy levels, that set
conlains (at least) two disconnecled sels .

An even more general conclusion of this kind can be
derived from That an integrating fac-
tor of d'Q is the absolute temperature T, holds in general
only for a set v, since no troubles can arise in these sets
from the existence of boundary points. In such a set it
may be possible to approach the hypersurface 7=0 and
7=0 as closely as desired (and it may also be
to define these sets by a limiting process, as
in I, p. 379). However, they cannot be reached in v,
since the mathematical processes wilich enabled one to
define the absolute temperature T as an integrating fact
of d'Q, presume that T is finite and nonzero. Hence one
can conclude that the sets y cammol actually altain or
cross the hypersurfaces T=0 and r=0.

4. THERMODYNAMIC CONSIDERATIONS

preceding i
tical mechanics and hence introduced the thermody-
namic phase space together with its simplest topological
properties. It is instructive to invert this procedure.
Given the thermodynamic properties of the system in
the form of Eqgs. (1) to (3), what can one say about the
limitations of the treatment which gave rise to them?

The second law will be used in the following form:
All points of y are i-points. By an i-point is meant a
point y of ¥ such that every of it con-
tains a point which is adiabatically inaccessible from y
[1, (D11)]. Let this law be applied to Fig. 2(a), assum-
ing B=0. It is clear that the point 0 cannot be adiabati-
cally linked with the points of the set 8. For if it were,
one could pass from any point in v to all neighboring
points, by choosing paths along adiabatics and going
through 0. Hmathepoinuolv%mtbei—pdms.
This t, which applies to i
nysun:,WanMtatb'wﬂhw;
such systems cannot exist, If B#0 it is, of course, clear
from Fig. 2(a) that the system cannot exist at low tem-
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A similar argument, d to the origin of
Ph.l(b),abomthnthkpdnthndimdcdl unlinked
with the rest of the points of y (whether B=0 or B0).

agreement
stated at the beginning of Sec. 2.
existence of an entropy and an absolute
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thermodynamics, as considered in

energy
- proximation is, with g=1/AT,
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can be brought into play. For instance, one can use the
statistical mechanical result that for a given field one
can have two physically distinct states of the same
entropy. It then becomes very convenient to choose
opposite signs for the absolute temperatures in v; and
s, and to choose the additive constants in the entropy
in such a way that the entropies are positive in both
71 and vy,
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APPENDIX

Using the notation of and Proctor? the
Hamiltonian of the system is W=Ho+ H,, where

Tr(Ho)=Tr(H)="Tr(HeH1)=0.
The mean internal in the high-temperature ap-

O="Te(We ™) Te(e-*")Te (W—8W")/Tel.

The mean magnetic moment in the direction of the
field is

B ="Tr(Me*™)/Tr(c*™)=Tr(M—SMW)/Trl.
Since Ho=—MH, where H is the field,

Ux—c(m+BY)/T, Me=CH/T, (A1)

C=Tr(MY)/kTxl, B'=Te(H?)/Tr(M).

In the text U and M have been written for U and M.
The relation 7dS=dU+MdH becomes, upon using
H and T as variables,

dS=CT-(H*+B)dT—~CHT-*dH.

Hence the entropy can be taken in the form
S=A—-{CT(I’+B).
This yields Egs. (1) to (3) of the text.

(A2)




